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ABSTRACT 
It is well known that for any element of a connected matroid, either the deletion 
or the contraction of that element preserves connectivity. We prove a simple and 
natural generalization to konnected matroids. This result is used to prove Seymour’s 
generalization of a theorem of Kelmans. 
In this note we assume a basic familiarity with matroid theory. For a 
comprehensive treatment of the subject see [3]. 
Let M be a matroid on (the finite set) E. For k 2 1, a partition {S, T} of E 
is called a k-separation of M if {S, T} has size at least k, (i.e., if min{ IS I, 1 T I} 
2 k) and if 
r(S)+r(T)Gr(E)+k-1 
[r denotes the (Whitney) rank function of M]. For n > 2, M is said to be 
n-connected if it is not k-separated for any k -C n. 2connected matroids are 
called connected. 
For nonloops a, b E E, we say that a and b are in parallel if either a = b or 
{a, b} is a circuit; a, b E E are in series if they are in parallel in M* (the 
matroid dual of M). A maximal subset of parallel elements is called a parallel 
class; series class is defined similarly. The matroid obtained from M by 
deleting all but one element from each parallel class is denoted [Ml. Dually, 
we define 1 M] = [ n/r*]*. 
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A well-known result for matroids asserts that for any connected matroid M 
and any element a of M, either M \a or M/a is connected. (M \a denotes the 
matroid obtained by deleting a from M, and M/a the matroid obtained by 
contracting.) We prove a natural generalization of this result to 3connected 
matroids. 
THEOREM 1. Let M be a 3-connected mutroid on E, and let a E E. Then 
either [M \a] or [M/al is 3-connected. 
In [2] it is proved that if M is S-connected, a E E, and neither M \a nor 
M/a is S-connected, then a is contained in either a S-element circuit (a 
triangle ) or a S-element cocircuit (a triad). The proofs of that result and the 
present one are similar. 
Before proving Theorem 1, we prove two lemmas. 
LEMMA 1. Let M be a connected mutroid on E, and let {S, T} be a 
partition of E with IT 1 > ISI = 2. Then {S, T} is a 2-separation of M if and 
only if S is a circuit or cocircuit of M. 
Proof. A simple calculation shows that 
r(S)+r*(S)+I=r(S)+r(T)-r(E), 
where T* denotes the rank function of M*. Hence, {S, T} is a 2separation if 
and only if either r(S) G 1 or r*(S) G 1. But since M is connected, it has no 
loops or coloops. The result follows. n 
LEMMA 2. Let M be a Sconnected matroid on E, and let a E E. Then the 
following conclusions hold: 
(a) if evey 2-separation of M \a has size 2, 1 M \aj is 3xonnected; 
(b) if every 2-separation of M/a has size 2, [M/al is 3-connected. 
Proof. By duality, it suffices to prove (b). Suppose that every 2-separa- 
tion of M/a has size 2, and that [M/a] is not S-connected. Let {S, T} be a 
e-separation of [M/al. Then, by the definition of 1 M/a], we find a partition 
{S’,T’} of E-{ } a such that S c S’ and T c T’, and such that the ranks of S’ 
and T’ in M/a are the same as the respective ranks of S and T in 1 M/al. 
Hence, {S’, T’} is a 2-separation of M/a. It follows that either IT’J = IT 1 = 2 
or IS’/ = ISI ~2. But [M/al h as no circuits of size 2, by definition, and M/a 
has no cocircuits of size 2, by the 3-connection of M. This contradicts Lemma 
1. n 
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Proof of Theorem 1. We may assume that neither M \a nor M/a is 
S-connected. Let {S, T} and {tJ,V} be e-separations of M \a and M/a, 
respectively. By Lemma 2, we may assume that each of these 2-separations 
has size at least 3. Then, either (SnV] 22G ITnUI, or ]SntJ] 22G (TnVj. 
Assume the latter. Now, since {S, T} and {V, V} are 2-separations, we have 
Hence, by submodularity, 
It follows that one of the two terms on the left yields a 2separation of M, a 
contradiction. n 
As an application of Theorem 1, we prove a result of Seymour [l]. Let M 
be a matroid on E, and let 2 c E. A Z-arc of M is a circuit of M/Z that is not 
a circuit of M. An adjoinable Z-arc A is one such that for every circuit C of M 
with C - 2 = A, CnZ meets at least two series classes of M X Z = M \(Z - A). 
Adjoinable Z-arcs are important because if 1 M X Z] is S-connected and A is 
adjoinable, then 1 M X (ZUA)] ’ 3 is -connected. Seymour proved the follow- 
ing generalization of a theorem of Kelmans for graphs. 
THEOREM 2. Let M be a S-connected matroid on E, and let Z C E be 
such that M X Z is connected and M X Z has at least two series classes. Then, 
thereisaZ’CEsuchthat LMXZ’] is isomorphic to 1 M X Z], and Z’ has 
an adjoinable arc. 
Proof. Let M be a smallest counterexample chosen so that 1 E - Z 1 is as 
small as possible. Suppose that every Z-arc is a singleton. Let a E E - Z. Then 
there is a series class P of M X Z such that PU {a} contains a circuit. Let 
X={bEE-Z: PU{b} contains a circuit} UP. Then 
r(X)+r(E-X)=r(P)+r(Z-P)=r(Z)+l=r(E)+l. 
But ]E-X132, since any connected matroid with at least two series classes 
has at least three series classes; hence, {X, E - X} is a 2-separation of M. This 
contradiction implies that there is an element a E E - Z that is not a singleton 
arc. 
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Now, 1 M \a1 is not 3connected, for that would give a smaller counterex- 
ample. Hence, [M/U] is 3connected, by Theorem 1, and is not a counterex- 
ample. It follows that [M/U] is isomorphic to M X Z. Further, M/u is not 
S-connected, since this would also give a smaller counterexample. Hence, 
there is a triangle {a, b, c} such that, say, CE Z. Now, 
MXZ=MX(Z-{c}U{u,b}), 
contrary to the minimality of 1 E - Z I. n 
Although Theorem 2 is clearly of independent interest, it is presented in 
[l] primarily as a part of the proof of the “splitter theorem” [l, (7.3)]. Indeed, 
the splitter theorem was also the motivation for Theorem 1. Seymour’s 
original proof of this result (not the proof in [l]) was rather difficult, and 
Theorem 1 occurred as part of a simplified proof. 
Note added in proof. Theorem 1 has been obtained, independently, by 
P. D. Seymour and K. Truemper. 
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